A new computational mechanics model is proposed to describe the compression response of two-dimensional cellular materials with consideration of microstructural development. In this modeling, processing conditions to fabricate cellular materials are taken into account as a cell-growth mechanism. Representative volume elements (RVE) are generated by the phase-field model. Numerical simulations of compressive deformation are performed by finite element analysis for the selected RVE. The cell size distribution especially affects on the limit stress and the densification process.
Introduction
Cellular materials are highly attractive for structural use because of their low densities and potential to increase absorbing impact energy for car crashworthiness. 1) They are mainly made by casting and powder metallurgy method towards mass production. Further development of manufacturing technique is expected to improve their mechanical properties. Optimum processes for design and fabrication of cellular materials are time-consuming only by experiments. Reliable computer simulations by finite element analysis are indispensable for establishing an efficient fabrication process.
Optimal morphological design of cellular materials is one of the main issues. Size, shape and topology of cell walls have significant impact on the mechanical and thermal properties. 2, 3) In addition, precise understanding of mechanical response is also necessary to describe the loading capacity. [4] [5] [6] Gibson et al. 7) studied the mechanical behavior of honeycombs and reported the effect of relative density and cell wall thickness on the compressive mechanical response. Simone and Gibson 8, 9) also reported the effect of solid distribution and cell-face curvature on the stiffness and strength of metallic foams. Papka et al. 10, 11) analyzed inplane compressive crushing of honeycombs. They studied the effect of cell size/wall thickness, material properties, and their deformation pattern sequences. Chen et al. 12) discussed the effect of inclusions and holes on the stiffness and strength of metallic honeycombs by using finite element analysis.
Most cellular materials in practice have inherent imperfection and inhomogeneities in their microstructure. Microstructural variety is often seen in natural cellular materials. Like foams, which are made by random physical process, a manufactured honeycomb has its intrinsic variation in microstructure. 7) Many researchers reported the compressive mechanical response of cellular materials with inhomogeneities. [13] [14] [15] Inhomogeneities in cellular structure have been only considered by the computational geometry with use of Voronoi tessellation or Gaussian random fields. More profound understanding is required to describe the kinematic relation in its mechanical response for topological optimization of cellular materials. Image-based modeling 16) was the first method to represent a real microstructural topology by modeling. In addition to complicated image processing for construction of models, various geometric factors must be considered to define the representative volume element (RVE), geometrically compatible to real microstructure.
In this paper, a new computational mechanics model is proposed to describe the compression response of two-dimensional cellular materials with consideration of microstructural development. In this modeling, the processing conditions to fabricate the metallic foams are taken into account as a cell-growth mechanism by the phase-field model. [17] [18] [19] [20] Among various physical processes to generate foam or porous medium, a surface-tension controlling process is employed to drive the cell-growth mechanism. Like a soap froth, cell columns have self-balanced configuration by equilibration of the inner forces at the triple junctions in the two dimensional model. Coarsening behavior of each cell is also considered by minimizing the total interfacial energy among cells. 21) This cell-growth mechanism is considered as almost identical to that of the grain growth of polycrystalline materials. The same free energy density functional is utilized for describing them. Construction of RVE by using simulations of microstructural developments enables us to quantitatively evaluate the effects of each shape-factor.
On the basis of the representative volume elements (RVE), the numerical simulation of compressive deformation is performed by the finite element analysis. The cell-wall material is assumed to be elasto-plastic with the J2-flow theory. Its stress-strain relationship is represented by the bilinear isotropic hardening model. Effects of the cell size distribution on the compressive behavior as well as the deformation mechanism are understood through simulations under displacement controlled quasi-static loading.
Computational Modeling for Initial Configuration of
Cellular Solid
Outline of modeling
In order to fabricate the cellular materials with consid-eration of the processing conditions, RVE of cellular solid is designed by the phase-field model. [17] [18] [19] [20] The phase-field model is based on Onsager's linear irreversible thermodynamics. 22, 23) In this model phase boundaries are assumed to be diffuse with finite thickness. The free energy density functional is defined to have continuous local order parameters. Time history of the whole microstructure is calculated by temporal evolution of local order parameters. For simplicity, the cell-growth mechanism is mathematically identified as that of soap froth. The relative density of cell walls is considered to be almost zero. In this treatment, the cell-growth mechanism is governed by equilibration of forces at the triple junctions. The coarsening behavior of each cell reduces the total interfacial energy between each cell. 21) Therefore, the free energy density functional for describing this cell-growth mechanism becomes almost identical to that of the grain growth of polycrystalline materials with nonconserved order parameters.
At the junction of the cell faces in a cell edge, the liquidgas interface is curved by the surface tension to have an arc with constant radius. This curved interface is called a Plateau border. As reported in, 9) the shape of Plateau border makes great effects on the mechanical response of cellular solids. In order to take into account the shape of Plateau border in cellgrowth simulation, a local density of cell walls has to be employed as a conserved order parameter. However, we utilized simplest modeling because we focused on the effects of cell size distribution in this paper.
Phase field model
In the phase-field model for the grain growth of polycrystalline materials, microstructure of polycrystalline materials is described by a set of orientation field variables, 1 ðrÞ, 2 ðrÞ, . . ., and p ðrÞ after. 17) Here i ðrÞ (i ¼ 1; 2; . . . ; p) are called orientation field variables that distinguish different orientations of grains and p is the number of possible orientations. A two dimensional schematic microstructure represented by orientation fields is shown in Fig. 1 . Orientation field variables are used only to identify each cell. Within the cell labeled by 1 , the absolute value for 1 is unity or jj 1 jj ¼ 1 while all other 0 i s for i 6 ¼ 1 are zero. Across the cell interfaces between the current and its neighboring cells, jj 1 jj changes continuously from 1 to 0. The schematic profiles of 1 and 2 across the interface between two cells are shown in Fig. 2 . All other field variables are null around this interface. According to Cahn's and Hilliard's treatment, 24) the total free energy functional in an inhomogeneous system is given by
where f 0 is the local free energy density which is a function of orientation field variables, i ðrÞ, and i is the gradient energy coefficient. The spatial and temporal evolutions of orientation field variables are described by the time-dependent Ginzburg-Landau equations for non-conserved order parameter:
where L i are the Onsager's phenomenological coefficients. The Ginzburg-Landau type free energy density functional is employed here:
where , and are phenomenological parameters. The only requirement for f 0 is that it has 2p minima with equal well depth at ð 1 ; 2 ; . . . ; p Þ ¼ ð1; 0; . . . ; 0Þ, (0; 1; . . . ; 0), . . ., (0; 0; . . . ; 1), (À1; 0; . . . ; 0), (0; À1; . . . ; 0), . . ., and (0; 0; . . . ; À1). Therefore, has to be greater than =2 when ¼ 1, ¼ 1. In order to simulate the ideal case of uniform mobilities and energies, each order parameter is assumed to be equal to its absolute value, effectively restricting the available order parameter space to that containing only the p degenerate minima of f 0 . 19) Fig. 1 A schematic illustration of a microstructure described using orientation variables. 
Numerical solution to the kinetic equations
The system of kinetic eq. (2) has to be solved numerically by discretizing them in space and time. The Laplacian operator is discretized by
where Áx is the discretizing grid size, j represents the first nearest neighbors of site i, and k represents the second nearest neighbors. For discretization with respect to time, the simple explicit Euler equation is used
where Át is the time step for integration.
Visualization of microstructural evolution
Several numerical parameters were used for solution of the kinetic equations:
. . . ; p). Both Áx and Át were fixed by Áx ¼ 2:0 and Át ¼ 0:1. Two dimensional RVE unit cell was sub-divided to 320 Â 320 grid points. To describe the microstructure evolution, the visualization function was defined by
Figure 3 depicts a typical microstructure. A nucleation point in each cell was generated artificially as an initial condition. In this figure, the bright lines represent cell walls and dark regions, cell interiors or vacancies. In the phasefield model, phase boundaries are assumed to be diffuse with finite thickness. For finite element analysis of compressive deformation, these explicit boundaries are presumed as a well-defined border between cell walls and cell interiors by an appropriate threshold value for SðrÞ or i ðrÞ. In this RVE, the relative density of the cellular material is controllable with maintaining uniformity of the cell-wall thickness except for the vicinity of triple junctions. In Fig. 3 , the threshold value is controlled to fix the relative density to 0.1.
The color segmentation was applied to SðrÞ or i ðrÞ at each finite difference grid. In order to accurately represent the intercell boundary, the contour map of SðrÞ or i ðrÞ was calculated after. 25, 26) The reconstructed intra-cell region and intercell boundaries from Fig. 3 are shown in Fig. 4 . In this two-dimensional model of cellular solid, each cell domain is uniquely defined as a polygonal tessellation and isolated from its neighbors by a continuous connection of cell walls. A set of closed curves and finite element models were generated from this geometric information and transferred to simulation of compressive deformation.
Control of the cell morphology
Arrangement of nucleation sites affects the cell-growth mechanism significantly. Both the cell size and distribution in this RVE are controllable by spatial arrangement of the nucleation sites. At first, the nucleation sites are dotted in the domain by the rule of thumb or at random. Next, some finite difference grids are selected to have relatively high value of i ðrÞ, e.g. i ðrÞ ¼ 0:9. i ðrÞ at all other grid points is assumed to be zero. Figure 5 depicts the microstructure evolution when the nucleation sites are distributed randomly. In this modeling, microstructure evolves by reducing the total free energy in this system. At the beginning stage in Fig. 5 , the cells with i ðrÞ ¼ 1:0 spread in the shape of a concentric circle. The evolution in the first stage proceeds very fast. In the second stage, two or more cells with i ðrÞ ¼ 1:0 overlap with each other. In this stage, the cell size coarsens by reduction of the interface energy among cells. This coarsening behavior in the second stage advances sluggishly since the work for shrinkage of neighbor cells is taken into account. Then, the morphology of microstructure during this transition is analogous to that of Voronoi tessellation. Computational
In the second stage, the cell-growth mechanism is further driven by the equilibrium equation of forces at the triple junctions together with the coarsening behavior of each cell. During this transition stage, some quadruple junctions are generated as shown in Fig. 5 (t ¼ 200 or t ¼ 500) . Since a quadruple junction is not stable, it separates into two triple junctions in the second stage. After a short duration time, the cell size distribution becomes stationary and time-independent. 27) Various artificial cellular materials with the prescribed cell size and shape distribution are generated as RVE through the spatial arrangement of the nucleation sites. Examples of RVE for various distributions are shown in Fig. 6 . Figure 6 -(A) shows the RVE with perfect hexagonal honeycomb structures. The forces are completely in an equilibrium state at triple junctions throughout the RVE except for the cell boundaries. Further coarsening behavior does not occur. 23) On the other hand, in the case when the forces are not in equilibrium at triple junctions throughout the RVE, the coarsening behavior take places to generate each configuration from (B) to (F).
Finite Element Modeling for Compressive Deformation Analysis

Construction of the finite element model
Geometric information of the RVE was transferred as a set of closed curves. Figure 7 depicts the reconstructed geometric model. This geometric model is subdivided to finite element model by automesh generator. As shown in Fig. 8 , every solid medium is represented by an assembly of sixnode, quadratic triangular solid elements. A typical finite element model for RVE with the size of 1:0 Â 1:0 is composed of approximately 100 cells, 30,000 nodes and 10,000 finite elements. By using this finite element model, elasto-plastic compressive deformation of cellular solid is simulated in the plane strain condition. The computational conditions are summarized in Table 1 .
Loading condition and boundary conditions
This compressive deformation simulation was performed with the displacement control. The nodal displacements along the edge AB were fixed in the loading directions. All cell walls were connected with an elastic glue material at the edge AB to prevent local crushing at the ends and to calculate the reaction forces. Since Young's modulus of the glue material is 1/500 times smaller than that for the cell walls, the incremental reaction force is calculated from the prescribed incremental displacement on the edge DC. Two types of boundary conditions were applied to the nodes along the edges parallel to the loading direction, as shown in Fig. 9 . In the boundary condition (a), periodic boundary conditions were imposed on the displacement in the loading direction. On the other hand, in the boundary condition (b), these nodal displacements were completely free to translate.
Contact condition
For simulation of densification process in the compressive deformation of cellular solid, the contact phenomena of cell walls are taken into account in this modeling. Two types of contact elements were used to consider the surface-to-surface contact between cell walls: TARGE169 and CONTA172 
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Y. Suwa, T. Mukai and T. Aizawa elements in ANSYS ðRÞ . 28) In addition, the frictional behavior was also considered in the contact element. The friction coefficient was assumed to be 0.2 between two cell walls in contact. The material properties are summarized in Table 2 . The displacement in the loading direction at the remote edge () was set to À0:7.
Compressive Deformation of Cellular Solids
Compressive deformation of regular hexagonal
honeycomb Regular hexagonal honeycomb was generated as a cellular material model as shown in Fig. 5(A) . The calculated Figure 11 depicts a series of deformed geometric configurations and equivalent stress distributions in case of the boundary condition (a). The i-th configuration for 0 i 10 is indicated as an arrow in Fig. 10 . Red colored region indicates the plastic zone. In Fig. 11 (1), up to the first maximum of stress or the limit stress of CR , the whole cells deformed in the symmetric and uniform manner. The plastic zone widely developed in the RVE up to CR ¼ 0:65 MPa in plane strain condition and CR ¼ 0:50 MPa in plane stress condition, respectively. Gibson et al. 7) assumed that plastic hinge occurs in the elastic, perfectly plastic materials to deduce the expression for this CR as the function of relative density Ã for the honeycomb:
According to eq. (7),
35 MPa with Ã ¼ 0:1. Since no work hardening is considered for estimation of Figure 11 (2) depicts the deformed geometry at the first stress minimum. The row with Irow ¼ 5 as well as its neighboring rows were severely distorted. That is, the whole cells in those rows plastically collapsed by asymmetric shear deformation. Due to this plastic localization, the other cells turn to be in elastic state by unloading. Hence, symmetric uniform compressive deformation mode branches at the critical stress to the shear-type localized deformation mode. Figure 11 (3) depicts the deformed geometry at the third stress maximum posterior to the critical limit stress, CR . Localized collapsing progressed significantly in the rows with Irow ¼ 5, 4 and 6. The walls of collapsing cells in three rows come into contact. Plastic zone spreads out in the whole materials. In the transition from this maximum nominal stress state to next minimum stress state, or, from Fig. 11(3) to Fig. 11(4) , most of remote zones from the localized collapsing region in the row with Irow ¼ 3, were unloaded to the Fig. 9 Schematic illustrations of applied boundary conditions. Relative density 0.1 Fig. 10 Effect of boundary conditions on the stress-strain relations of the regular honeycomb structure. (5), most of regions were plastic again and the walls of collapsing rows with Irow ¼ 3 come into contact. This unloading and loading of whole material expect for the localized collapsing cells, repeatedly continues until the whole rows are completely collapsed. To describe this cyclic loading behavior, the equivalent stress-strain relationship at the remote element, X, is shown in Fig. 12 . X is indicated by an arrow in Fig. 11 (1). Corresponding to oscillation of nominal stress in Fig. 10 , the remote stress state changes itself between loading and unloading modes. Although this response in Fig. 12 is different from one remote element to the other, this cyclic loading takes place at every part of materials. Finally, almost all the walls come into contact in Fig. 11(14) , before densification. Mechanical response of regular cellular solid is sensitive to the prescribed boundary conditions. In the case of (a), periodic boundary conditions are imposed on the calculation, so that a cellular solid has infinite width in perpendicular to the loading direction. Hence, the localized collapsing advances row-by-row, resulting in a characteristic oscillation in the stress-strain relationship. The period of oscillation depends on the number of rows. It becomes short with increasing the number of rows. In the present calculation, the number of rows as Nrow ¼ 11, is sufficient to evaluate the average stress in the plateau region. In the case of (b), when nodal displacements at both edges are completely free to translate, local compression around these free edges become dominant in the post-critical response. Although ðbÞ CR ¼ 0:61 MPa < ðaÞ CR and the average plateau stress is almost the same in both cases, the characteristic response to regular cellular solids is diminished in the case of (b). In the following simulation, the boundary condition (a) is imposed on the displacement to reduce the effect of cell number on the post critical behavior. 
Effects of cell size distribution
Various RVE's were generated to investigate the effects of the cell-size distributions on the engineering stress-strain response as shown in Fig. 6 . Type (A) is a regular hexagonal honeycomb. Type (B), (C), (D) are perturbed structures by allowing each nucleation site to move randomly from its initial position. Its length is a parameter, characterizing the perturbation.
In type (E), the nucleation sites were spaced to be isolated with a pre-set minimum distance. Under this constraint, microstructure grows until unstable quadruple junctions vanish. In type (F), the nucleation sites were distributed randomly without limitation and developed to the steady state. The normalized cell size distribution function is shown in Fig. 13 .
The calculated engineering stress-strain curves for each unit-cell configuration are shown in Fig. 14 . In order to estimate statistical errors in engineering stress-strain curves, simulations were performed with three times for (B), (C) and (D) model and five times for (E) and (F) model. Variation of nominal stresses in each configuration becomes larger with broadening the cell size distribution. The critical stress becomes lower with broadening the cell size distribution. Since critical stress in type (A) is characterized as an onset of transition from the uniform compression to plastic localization, no local stress concentration was seen in Fig. 15 -a at ¼ 0:2%. On the other hand, local yielding takes place in type (E), as shown in Fig. 15-b . This implies that the critical transition is governed by local yielding and critical stress reduces itself with broadening the cell size distribution.
Since the stress oscillation is induced by row-by-row collapsing in highly regular cellular solid, nominal stress keeps constant in plateau until the final densification. As depicted in Fig. 15 , a part of cells yielded plastically even in the early stage of strain when the cell size distribution broadens. Row-by-row collapsing is never seen in their cellular solids. Due to the part-to-part local yielding, stress increases steadily with straining. Figure 16 shows a sequence of deformed configurations and equivalent stress distributions for type (E) with compression. Green circle denotes a position with maximum stress. Relocation of green circles in Fig. 16 suggests that various part in the cellular solid plastically yields successively in compression. Since local collaping and yielding regions distribute in cellular solid with broadening the cell size distribution, the stress plateau region is shortened and followed by apparent work hardening in the nominal stressstrain relation.
Summary
A new computational mechanics model is proposed to investigate the compressive response of 2-D cellular materials with consideration of microstructural development. In this model the processing conditions to fabricate the cellular materials are taken into account as a cell-growth mechanism with use of the phase-field method. Finite element model with the sufficient geometric information was implemented to representative volume elements. The numerical simulation of compressive deformation was performed with consideration of the effects of the cell size distribution. Following results were obtained.
. The limit stress becomes lower with broadening the size distribution function. This is attributed to the local yielding arising from stress concentrations. . In the regularly cell-structured materials, their deformation mechanism is characterizing by successive sequences of plastic buckling with stress concentration at the specific rows of cells. With decrease of regularity, the deformation mechanism changes to one dominated by a sequence of local yielding and collapses. . Higher nominal stress is required for local yielding and collapsing with boarding the cell size distribution. This results in the increase of apparent work hardening in the plateau region. . Construction of RVE by using simulations of microstructural developments enables us to evaluate the effects of each shape-factor quantitatively.
